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Abstract. The origin of the first magnetic fields in the Universe is a standing problem
in cosmology. Intergalactic magnetic fields (IGMFs) may be an untapped window to the
primeval Universe, providing further constrains on magnetogenesis. We demonstrate the
feasibility of using ultra-high-energy cosmic rays (UHECRs) to constrain the helicity of IGMFs
by performing simulations of cosmic-ray propagation in simple magnetic field configurations.
We show that the first harmonic moments of the arrival distribution of UHECRs may be used
to measure the absolute value of the helicity and its sign.
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1 Introduction
Intergalactic magnetic fields (IGMFs) may be fossil records of some cosmological process
taking place in early phases of the Universe, thereby carrying imprints of the processes from
whence they originated. For instance, phase transitions such as the quantum chromodynamics
(QCD) [1–4] and the electroweak (EW) [5–9] one, as well as inflation [10–13], have been
suggested as mechanisms for magnetogenesis. Alternative explanations postulate their origin
much later in time, for example during structure formation [14]. These fields are believed to
have served as seeds for structures to acquire their current magnetisation.
We define IGMFs as pervasive fields filling the whole Universe, not bound to any par-
ticular structure. The strength of IGMFs is believed to be B . 1 nG [15, 16], thereby not
being measurable inside any structures such as filaments and galaxy clusters. Furthermore,
they are prone to contamination by feedback and magnetohydrodynamical processes in the
immediate vicinity of structures. For this reason, the measurement of IGMFs should ideally
be carried out in cosmic voids, the low-density regions of the cosmic web that fill most of the
volume of the Universe. This is, however, rather difficult, and requires indirect measurement
techniques.
Upper limits on the strength of IGMFs have been available for some time and were
obtained using a variety of methods including Faraday Rotation [15, 17] and anisotropies
of the cosmic microwave background (CMB) (see [18] and the references therein). Lower
limits, on the other hand, are much harder to derive. A promising method proposed over two
decades ago consists in the observation of gamma-ray-induced electromagnetic cascades in
the intergalactic medium [19–21]. Nevertheless, it was not until recently, with the advent of
imaging air Cherenkov telescopes such as H.E.S.S., VERITAS, and MAGIC, combined with
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space telescopes such as Fermi, that we were able to study individual sources of high-energy
gamma rays with high enough precision to attempt to constrain IGMFs with gamma rays. A
number of such works has been done in the past decade [15, 22–27]. The fundamental idea
is to observe electromagnetic cascades triggered by TeV gamma rays from extreme blazars.
The charged leptonic component of these cascades is deflected away from the line of sight,
resulting in a suppression of the observed signal in the GeV range. This signal would be
clearly visible in blazar spectra under ideal conditions. A similar effect could also be seen in
the arrival directions by observing the so-called blazar pair haloes. Moreover, the distribution
of arrival times of gamma rays from flaring sources could provide us hints of the strength and
coherence length of the intervening field (see [15] for further details).
Electromagnetic cascades provide lower limits for the strength of IGMFs of the order of
B & 10−17G. These results are, however, still disputed, due to claims [28–33] that plasma
instabilities could provide similar signatures even in the absence of IGMFs, thus rendering
the inferred limits invalid.
Another astroparticle approach to obtain information on IGMFs is to use ultra-high-
energy cosmic rays (UHECRs), since they may carry imprints of the intervening fields [34],
including anisotropies in their angular distributions [35–37], or, if individual UHECR sources
can be identified, specific morphological features in their arrival directions [38]. Another
possibility, similar to the case of electromagnetic cascades, is to look at the UHECR flux
suppression [39, 40]. Finally, it is also possible to constrain IGMFs using spectra of secondary
particles produced by UHECR such as gamma rays [41, 42]. One should bear in mind that,
in the case of UHECRs, disentangling the IGMF signal from those due to, for example, fields
in filaments, clusters, and galaxies would be extremely difficult.
Besides the strength and coherence length of IGMFs, their topological properties are
equally important. A proxy to describe the overall geometry of the field is the magnetic
helicity H, defined as
H =
∫
A ·B d3r , (1.1)
where A is the magnetic vector potential and B = ∇×A is the magnetic field.
Magnetic helicity is a crucial quantity for understanding the (intergalactic) magnetic
fields as it connects their geometrical structures and time evolutions in a unique way. As
mentioned above, it describes the topological properties of the field, which follows from the
fact that Eq. 1.1 contains both the vector field A and its curl, which describes rotations.
Thus, the scalar product between these two quantities gives a measure of how strongly the
vector potential follows a helical structure. Formally, one can establish this connection by
proving that magnetic helicity is strongly related to the linking number of infinitisimally thin
magnetic flux tubes – a formal description of magnetic field lines [43, 44].
In general, helicity is defined for magnetic fields for which no field lines are crossing
the boundary1 as this ensures invariance under electromagnetic gauge transformations. In
addition, for ideal magnetohydrodynamics, i.e. with electrical conductivity tending to infinity
(σ →∞), one can show that the overall helicity is conserved, which is also known as the First
Woltjer Theorem [46].
The fact that helicity is virtually conserved2 is also responsible for different regimes of
time evolution for the IGMFs depending whether it has a zero value or not. In particular,
it might be responsible for the so-called inverse cascade of the magnetic spectrum [47–49],
1Note, however, that there are suggestions on how to drop this condition [45]).
2Magnetic helicity is conserved for infinite conductivities. In reality, conductivity is very large but finite.
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i.e. an efficient transport of energy from small to large scales, even though a non-helical inverse
cascade may also be possible [50]. Thus, one possible approach for measuring magnetic helicity
would be to compare theoretical models for the IGMF evolution with actual measurements
of the spectral features. Another possibility, which has gained some interest recently, is again
to use electromagnetic cascades, since depending on its magnitude, helicity might leave some
specific imprints on blazar pair haloes [51–57].
Following the considerations above, it is reasonable to assume that UHECRs, too, may
be used to determine the helicity content of IGMFs. However, up to the present day, to the
best of our knowledge, there has been only one work [58] addressing this possibility. The
authors of the aforementioned work claim that for specific configurations of sources imprints
of the helicity of the intervening field may be found, and propose a method to obtain this
information.
Conversely, helical magnetic fields may significantly affect the propagation of UHECRs
leaving specific signatures on their spectrum, composition, or arrival distributions. A detailed
understanding of magnetic fields is essential when building phenomenological models to inter-
pret the measurements and, most importantly, when attempting to use UHECRs for particle
astronomy. A number of works [37, 59, 60] has discussed the effects of extragalactic magnetic
fields on the propagation of UHECRs, though with conflicting conclusions due to the differ-
ent assumptions and owing to our lack of knowledge about magnetic field distributions in
the Universe. Nevertheless, even in extreme scenarios in which voids are highly magnetised
(B ∼ 1 nG), UHE proton astronomy may be possible in most of the sky for typical magnetic
field configurations [59].
In this paper we study the effect of helical magnetic fields on the propagation of UHECRs,
and show that such particles may be used to constrain the helicity of IGMFs. The paper is
structured as follows: in Sec. 2 we present an analytical treatment of the influence of magnetic
helicity on the propagation of UHECRs; in Sec. 3 we describe the Monte Carlo simulations
of UHECR propagation, and derive constraints on the magnetic helicity in Sec. 4, before
discussing the results in Sec. 5; finally, in Sec. 6 we draw our conclusions and present the
prospects for detecting IGMFs using the presented method or a derivation thereof.
2 Analytical Treatment
We study a simple case that can be treated analytically. To this end, we follow Ref. [54]
for the magnetic field parametrisation. We consider a single mode of the IGMF that can be
written as:
B = B0σ sin
(
2pi
λ
z + ψ
)
xˆ +B0 cos
(
2pi
λ
z + ψ
)
yˆ , (2.1)
where B0 is the average magnetic field, ψ is a arbitrary phase, λ is the coherence length and
σ = −1, 0, 1 corresponds to negative, zero and positive helicity, respectively. It should be
noted that by defining the magnetic field in this way, we ensure that for the case ψ = 0,
used in the following, the magnetic field points in the same direction (along the y-axis) at
the position of the observer, i.e. at the origin (0, 0, 0), for all three cases, hence guaranteeing
their comparability.
The magnetic field in Eq. 2.1 can be obtained by taking the curl of the magnetic vector
potential (A), which is therefore given by:
A = B0
λ
2pi
sin
(
2pi
λ
z + ψ
)
xˆ +B0
λ
2pi
σ cos
(
2pi
λ
z + ψ
)
yˆ . (2.2)
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Figure 1. Elongation of the trajectory (∆) of protons as a function of the source distance (Rs) for
σ = −1 (upper), σ = 0 (middle) and σ = +1 (lower panels). Note that for σ = 0 (middle panels)
the cases ϕ = −60◦ and ϕ = 120◦ (left) are the same, which is also true for ϕ = 60◦ and ϕ = −120◦
(right). Hence, only one line for each equal pair is visible due to a complete overlap. In addition,
also for σ = 0, there is a symmetry ϕ → −ϕ, thus explaining why the curves for angles of the same
magnitude, but different signs, are the same, respectively. The parameters used here are λ = 10 Mpc,
E = 1020 eV, B0 = 10−9 G and v0 = v0(cosϕ xˆ + sinϕ yˆ).
Plugging it into the integrand of Eq. 1.1, we obtain
A ·B = σ λ
2pi
B20 , (2.3)
which confirms that the sign of σ corresponds to the sign of helicity.
Now consider an UHECR with energy E, rest mass m0 and charge Ze, where Z is its
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atomic number. Its Lorentz factor is
γ =
E
m0c2
. (2.4)
Hence the velocity of the cosmic ray can be written as
v0 =
√
1−
(
m0c2
E
)2
c . (2.5)
The equation of motion of a charged particle in an arbitrary magnetic field is given by
the Lorentz force:
F =
dp
dt
=
d(γm0v)
dt
= qv ×B. (2.6)
Assuming that the only interaction of the particle is with the magnetic field, its energy and
hence Lorentz factor are both constant, such that it can be pulled out of the time derivative.
Using v = ∂tx, ∂tv = ∂2t x and Eq. 2.1, the Lorentz force equation (2.6) becomes
γm0∂
2
t x = −qB0 cos
(
2pi
λ
z + ψ
)
∂tz , (2.7)
γm0∂
2
t y = σqB0 sin
(
2pi
λ
z + ψ
)
∂tz , (2.8)
γm0∂
2
t z = q
[
B0 cos
(
2pi
λ
z + ψ
)
∂tx− σB0 sin
(
2pi
λ
z + ψ
)
∂ty
]
. (2.9)
With the initial conditions x(0) = x0, y(0) = y0, z(0) = z0, ∂tx(0) = vx0, ∂ty(0) = vy0,
∂tz(0) = vz0, Eqs. 2.7 and 2.8 can be written as
∂tx(t) = vx0 +
ZeB0c
2
E
λ
2pi
[
sin
(
2pi
λ
z0 + ψ
)
− sin
(
2pi
λ
z(t) + ψ
)]
, (2.10)
∂ty(t) = vy0 + σ
ZeB0c
2
E
λ
2pi
[
cos
(
2pi
λ
z0 + ψ
)
− cos
(
2pi
λ
z(t) + ψ
)]
, (2.11)
using which we obtain
∂2t z(t) =
ZeB0c
2
E
{
vx0 cos
(
2pi
λ
z(t) + ψ
)
− σvy0 sin
(
2pi
λ
z(t) + ψ
)
+
ZeB0c
2
E
λ
2pi
sin
[
2pi
λ
(z0 − z(t))
]} (2.12)
for Eq. 2.9. Eq. 2.12 is a differential equation that depends solely on z(t), with the explicit
dependence on x(t) and y(t) eliminated.
We define t = 0 as the time when the particle with the velocity vector v0 = vx0 xˆ +
vy0 yˆ + vz0 zˆ arrives at an observer located at (x0, y0, z0) = (0, 0, 0). We also set ψ = 0, such
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that Eqs. 2.10-2.12 reduce to
∂tx(t) = vx0 − ZeB0c
2
E
λ
2pi
sin
[
2pi
λ
z(t)
]
, (2.13)
∂ty(t) = vy0 + σ
ZeB0c
2
E
λ
2pi
{
1− cos
[
2pi
λ
z(t)
]}
, (2.14)
∂2t z(t) =
ZeB0c
2
E
{
vx0 cos
[
2pi
λ
z(t)
]
− σvy0 sin
[
2pi
λ
z(t)
]
− ZeB0c
2
E
λ
2pi
sin
[
2pi
λ
z(t)
]}
.
(2.15)
We now assume that the sources are uniformly distributed on the surface of a sphere with
radius Rs, centred around the origin (i.e. around the observer). We compute the trajectories
of the particles by numerically solving Eq. 2.15 for z(t), which is then plugged into 2.13 and
2.14 to obtain x(t) and y(t) through a simple integration. Now, for a given arrival velocity
v0, we calculate a value of t (t < 0), for which x2(t) + y2(t) + z2(t) = R2s , thus obtaining the
position whence the cosmic ray was emitted.
The cosmic-ray trajectory depends upon v0 and the source distance Rs, which are related
to the elongation (∆) of the trajectory length of the particle, given by
∆(Rs) =
[
v0t−
√
x2(t) + y2(t) + z2(t))
]
t=max{t|x2(t)+y2(t)+z2(t)=Rs∧t<0}
, (2.16)
which, for a given source distance Rs, gives the difference between the actual length of the tra-
jectory described by the particle and the corresponding distance in the absence of intervening
magnetic fields.
This quantity, in the case of protons, is shown in Fig. 1 for λ = 10 Mpc, E = 1020 eV,
and B0 = 10−9 G for different directions of v0 with vz0 = 0, parametrised by the angle ϕ:
v0 = v0(cosϕ, sinϕ, 0)
T. As one can see, while for the case with zero helicity (σ = 0) ∆
is symmetric with respect to both the x and the y axes, this is not true for the σ = −1, 1
cases, where only a symmetry with respect to the y-axis is present. Therefore, this may be
used to distinguish the zero and the non-zero helicity cases. In addition, if the orientation of
the magnetic field at the position of the observer is known, it is even possible to break the
degeneracy and distinguish the σ = −1 and σ = +1 cases. In the same figure one can also
see that for some values of ϕ the corresponding curves show a oscillatory behaviour, e.g. for
σ = +1 and ϕ = −60◦. This is due to the fact that the corresponding particle trajectory is
sinusoidal-like and therefore close to being two-dimensional, while the non-oscillatory curves
correspond to helical trajectories.
The most important question is how UHECR measurements may be used to obtain
information regarding σ. The treatment we have presented in this section is only approximate,
insofar as it does not take energy losses into account. Since dE/dx < 0, i.e. the energy of the
particle decreases monotonically with the propagated distance, for two particles starting off
with the same energy, the observed energy decreases with ∆. Moreover, because for a fixed
Rs the value of ∆ depends on ϕ, the arrival energy also depends on ϕ. As a consequence, the
spatial distribution of observed energies, Earrival(ϕ), can be used to constrain the helicity of
both IGMFs and magnetic fields in structures.
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3 Numerical Treatment
3.1 Simulation Setup
The simulations of UHECR propagation in the intergalactic space were performed using
CRPropa 3 [61]. We have implemented homogeneous helical magnetic fields in the code
following Eq. 2.1. The equations of motion are obtained by solving Eq. 2.6, taking into
account the main interactions of UHECRs with the cosmic microwave background (CMB)
and the extragalactic background light (EBL), namely: the production of electron-positron
pairs (Bethe-Heitler process); photopion production; photodisintegration and nuclear decay
in the case of cosmic-ray nuclei. Adiabatic losses due to the expansion of the Universe are
also taken into account. We have adopted the EBL model by Gilmore et al. [62]; note that
this choice should not significantly affect the conclusions drawn here.
We have simulatedNevt = 107 events for equally luminous sources assumed to be isotrop-
ically distributed on the surface of 100 concentric spheres of radii D, up to Dmax (i.e. 105
events per sphere, cf. App. A). This represents the distance below which the vast majority of
particles arrive with energies Eobs > 1019 eV, corresponding to the minimal energy considered
in this work for particles arriving at the observer. The value of Dmax depends on the com-
position of the cosmic rays as well as their typical interaction horizon, which is a function of
the energy. We have used Dmax = 1900 Mpc (zmax ≈ 0.65). This choice exceeds the energy
loss length of the cosmic rays at the energies of interest for all scenarios considered. With
this choice of Nevt, the source distribution on each sphere is approximately isotropic and the
anisotropy signal is dominated by the magnetic field rather than the realisation of the source
distribution. Moreover, the effective source density is ns ≈ 10−3 Mpc−3, which is consistent
with estimates by Auger [63].
We have assumed that the cosmic rays emitted by the sources have energies E = E0. A
cosmic ray is emitted at (r0, t0), wherein r0 ≡ (x0, y0, z0) is the initial position vector and t0
the time of emission. Detection occurs when the particle reaches the observer, modelled as a
sphere. Additionally, we add a fourth dimension to this problem to account for the cosmo-
logical evolution of the Universe. In this case, the observer is no longer a three-dimensional
sphere, but a four-dimensional volume which includes time (or conversely redshift). There-
fore, only particles arriving at the observer within a given time window are accepted. The use
of this four-dimensional setup is justified because adiabatic energy losses are not negligible,
and because photon background fields, namely the CMB and EBL, evolve with redshift. For
this reason we adopt a redshift window of width ∆z = 0.005 around present time (z = 0),
which corresponds to a time window of ∆t ≈ 22 Mpc/c.
The deflection (δ) of a cosmic ray of energy E in a magnetic field of strength B and
coherence length λ can be approximated by [64]
δ ≈ 0.5◦Z
(
Rs
Mpc
)(
B
nG
)(
E
EeV
)
. (3.1)
Note that this expression is approximately valid if energy losses are neglected and if the
field is roughly homogeneous over distances ∼ Rs. Larger deflections correspond to larger
elongations of the trajectories (∆), such that δ would, to first order, increase with ∆, hence
dδ ∝ d∆.
We have chosen a convenient coordinate system such that the helical magnetic field is
orthogonal to the zˆ direction, without loss of generality. This is justified because the skymaps
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tprotons; E = 1× 1020 eV; B = 10−9 G; λ = 10 Mpc; σ = +1
8.66373e-06 3.21616e-05
t
protons; E = 1× 1020 eV; B = 10−9 G; λ = 10 Mpc; σ = 0
8.15309e-06 3.60692e-05
t
protons; E = 1× 1020 eV; B = 10−9 G; λ = 10 Mpc; σ = −1
2.60809e-07 6.53527e-05
t
iron; E = 1× 1020 eV; B = 10−11 G; λ = 100 Mpc; σ = +1
0 9.32043e-05
t
iron; E = 1× 1020 eV; B = 10−11 G; λ = 100 Mpc; σ = 0
0 0.000100342
t
iron; E = 1× 1020 eV; B = 10−11 G; λ = 100 Mpc; σ = −1
0 9.17089e-05
t
iron; E = 3× 1019 eV; B = 10−12 G; λ = 1000 Mpc; σ = +1
0 8.96485e-05
t
iron; E = 3× 1019 eV; B = 10−12 G; λ = 1000 Mpc; σ = 0
0 0.000112824
t
iron; E = 3× 1019 eV; B = 10−12 G; λ = 1000 Mpc; σ = −1
0 7.95335e-05
Figure 2. Skymaps containing the arrival directions of UHECRs for σ = +1 (left), σ = 0 (centre),
σ = −1 (right). At the top the skymaps for 1020 eV protons are shown, for B = 10−9 G and
λ = 10 Mpc. The middle row represents the injection of 1020 eV iron, for B = 10−11 G and
λ = 100 Mpc. The lower row corresponds to the case of iron nuclei with E = 3 × 1019 eV for
B = 10−12 G and λ = 1000 Mpc. The colour bar shows the normalised number of events per pixel.
can be arbitrarily rotated and rewritten in any basis for the purposes of calculations, and
subsequently converted back into the original coordinate system.
3.2 Harmonic Analysis of Simulated Data Sets
We study the impact of helicity on the propagation of UHECRs by performing a harmonic
analysis of the simulated data. We expand the skymap (Φ) into spherical harmonics Ylm
using HEALPix [65]:
Φ(nˆ) =
lmax∑
l=0
l∑
m=−l
almYlm(nˆ), (3.2)
with alm being the spherical harmonic coefficients, defined as
alm =
∫
dΩΦ(nˆ)Ylm(nˆ). (3.3)
Now we expand the skymap up to the largest scale of interest, l = 2, following Ref. [66]:
Φ(nˆ) ≈ Φ0
4pi
1 + wddˆ · nˆ + 1
2
∑
i,j
Qijninj
 , (3.4)
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where nˆ is arbitrary direction, dˆ is the dipole unit vector, Qij is the traceless quadrupole
tensor, and wd is the dipole amplitude that can be written as
wd =
√
3
a00
√
a210 + a
2
11 + a
2
1−1. (3.5)
The dipole points to
(θd, ϕd) =
(
arcsin
(√
3a10
a00
wd
)
, arctan
(
a1−1
a11
))
, (3.6)
with θd being the zenithal coordinate of the dipole, and ϕd the azimuthal coordinate.
The quadrupole tensor, Q, can be diagonalised. The corresponding eigenvectors, λmax,
λ0, and λmin, can then be used to define a quadrupole amplitude (wq), which reads [67]:
wq =
λmax − λmin
2 + λmax + λmin
. (3.7)
Following Ref. [67], the other amplitude can be defined from the highest eigenvalue, λmax.
In the absence of a dipolar pattern, i.e., for wd = 0 in Eq. 3.4, wd as defined in Eq. 3.7 is
the maximum anisotropy contrast. For simplicity, we ignore the second dipole amplitude and
refer to wq simply as the quadrupole amplitude. This is merely a choice of an observable and
does not imply that wd 6= 0.
We analyse the effects of helicity on the dipole amplitude. We expect σ = +1 and
σ = −1 to have similar behaviours with respect to the axis of symmetry (ϕ = 0 meridian, by
construction). For instance, if for σ = +1 the dipole points to (θd, ϕd), then in the case of
σ = −1 it would point to (θd,−ϕd), as can be seen in Fig. 2. Therefore, the symmetry with
respect to the transformation ϕ→ −ϕ implies that the sign of ϕd is a suitable observable to
constrain the sign of the helicity.
Model uncertainties are computed assuming that the events have a Poisson distribution
with event rate equal to the number of events in the corresponding pixels. These uncertainties
propagate to all observables and for the angular quantities they are combined with the angular
resolution (size of the pixel).
In Fig. 3 we present the behaviour of ϕd as a function of the magnetic field strength,
for iron primaries. The symmetry ϕ → −ϕ for σ = ±1 becomes evident as the magnetic
field increases. For σ = 0, the value of ϕd cannot be readily constrained. Similar behaviour
is observed by changing the composition to protons, and if the energy is lowered to E =
3× 1019 eV.
By analysing Fig. 3 one reaches the somewhat trivial conclusion that opposite magnetic
helicities lead to opposing behaviours of the arrival distribution of cosmic rays. Nevertheless,
these figures serve an important purpose: they indicate for which set of parameters this
conclusion is reliable. In particular, there are specific configurations for which the behaviours
of σ = ±1 are maximal, providing an optimal window for constraining the average helicity
of magnetic fields. A simple analysis of the positions of the peaks in Fig. 3 suggests that the
maxima are located at B ≡ Bλ ∼ 10−7 MpcG for σ = ±1, in the proton case.
In Fig. 4 the dipole amplitude is presented. Based on the skymaps shown in Fig. 2, it
is reasonable to suppose that the absolute value of the helicity is related to the amplitude of
the dipole. One expects that for σ = ±1 the dipole amplitude will increase with the magnetic
– 9 –
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Figure 3. The azimuthal angle of the dipole (ϕd) as a function of: the magnetic field for λ = 100 Mpc
(upper left) and λ = 10 Mpc (upper right); the coherence length for B = 10−9 G (lower left) and
B = 10−11 G (lower right panel). The panels displayed in the left column correspond to the pure
proton scenario, whereas the ones on the right are for iron nuclei, both for an injected energy of
1020 eV.
field, up to the point where all cosmic rays would be completely isotropised. This is illustrated
in in Fig. 4.
Note in Fig. 4 that, as expected, opposite helicities behave approximately in the same
way for some combinations of B and λ. One also notices that wd(σ = 0) > wd(σ = ±1) for
B . 10−11 G and fixed coherence lengths.
The energy of a cosmic ray, evidently, plays an important role in their propagation, being
crucial for arrival directions. One could argue that, in principle, all results derived here scale
with the rigidity (R ≡ E/Z, where Z is the atomic number of a nucleus). Thus, a 1020 eV
proton would behave as a 26×1020 eV iron nucleus. This argument is only approximately true
as the energy of a cosmic ray can be degraded due to interactions with the CMB and EBL;
moreover, photodisintegration could break down a nucleus into smaller constituents thereby
affecting arrival directions. Ultimately, the validity of the aforementioned argument depends
on a delicate interplay between the gyroradius of the cosmic ray, its energy loss length, and
the coherence length of the magnetic field.
It is interesting to study the diffusive regime as a limiting case. Let us first define the
critical energy, Ec, which is the energy at which the Larmor radius of a particle equals the
coherence length of the magnetic field. It can be written as [40]:
Ec ' 0.9Z
(
B
nG
)(
Lc
Mpc
)
EeV. (3.8)
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Figure 4. The dipole amplitude (wd) as a function of: the magnetic field (upper row), and coherence
length (lower row). The upper panels are for the case of 1020 eV primaries with λ = 1 Mpc (upper
left) λ = 100 kpc (upper right), the former corresponding to proton injection and the latter to iron.
The case of 1020 eV protons and B = 10−13 G is shown in the lower left panel, and the lower right
panel corresponds to the case of 3× 1019 eV iron propagating through a magnetic field B = 10−14 G.
In the non-resonant regime we have E > Ec, whereas for E < Ec diffusion is resonant.
Another factor that plays a role in the former regime is the distance to the dominant sources
(Dmin) compared to the coherence length. If Dmin  λ, diffusion is non-resonant, whereas
for Dmin  λ it is quasi-rectilinear.
From Eq. 2.1 one can see that the magnetic field has no component in the zˆ-direction.
In particular, for σ = 0 it is oriented along the y-axis, i.e., B = |B|yˆ, while for σ = ±1 the
helicity is controlling the contribution and direction of the xˆ component. As a consequence, for
scenarios with B . nGMpc, we expect to see an increase in the value of ϕd as Ec approaches
E; thereafter, the propagation of UHECRs becomes diffusive. This is confirmed by analysing
Fig. 3, in particular the position of the peaks. The same argument applies to Fig. 4; for a
fixed coherence length (upper panels), the dipole amplitude starts to increase noticeably for
Ec ∼ E, i.e. as B increases. Therefore, in the diffusive regime (E . Z BMpcnG eV) our results
confirm the theoretical predictions for this limit.
3.3 Comparison with the Analytical Predictions
In Fig. 5 we have shown the azimuthal dependence of the elongation of trajectory (∆). Similar
behaviour is expected from the azimuthal distribution of UHECRs, as can be seen in Fig. 2.
In particular, one can see that along the “equator” the skymap presents azimuthal dependence
similar to the one alluded to in Fig. 5 and Eq. 2.16.
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Figure 5. Dependence of the additional travelled distance ∆ on the arrival velocity angle ϕ for
σ = −1 (purple), σ = 0 (green) and σ = +1 (orange), for different arrival velocity directions with
vz0 = 0 (i.e. θ = 0). The parameters used here are λ = 10 Mpc, E = 1020 eV, B0 = 10−9 G and
Rs = 500 Mpc. The solid line depicts the results of the simulations while the dotted line shows the
analytical predictions based on Eqs. 2.13-2.15.
The relationship between ∆ and ϕ is shown in Fig. 5 for 1020 eV protons travelling
through a magnetic field of B = 10−9 G and λ = 10 Mpc. While for the chosen magnetic
field the values of ϕ for the minima of ∆ (hence the maxima of the energy) are independent
of σ (in our case being at ϕ = 90◦ and ϕ = −90◦), the maxima of ∆ (and hence the minima
of the energy) are slightly shifted, thus resulting in the asymmetry seen in Fig. 2.
Note that while the simulations qualitatively behave as the analytical prediction from
Eq. 2.16, the overall values of ∆ are different. This is due to the fact that in the simulations,
in contrast to the analytical predictions, we have included energy losses, which elongates the
cosmic-ray trajectories, thus explaining why the curves for simulations are above the ones for
the theoretical expectations in Fig. 5.
3.4 The Effect of the Galactic Magnetic Field
We have considered the GMF model by Jansson & Farrar [68, 69]. It is comprised of multiple
components, including a turbulent and a regular one. The effect of the former on UHECRs is
a smearing around the source position. The latter systematically shifts the arrival directions.
Deflections in the GMF are estimated to be ∼ 5.2◦ for protons with energies 6 × 1019 eV;
in about a quarter of the sky deflections are . 2.2◦ in this model. Recently it has been
argued that the turbulent component of the Jansson-Farrar model might have been overesti-
mated [70]. If this is true, then the large-scale anisotropy patterns we expect in the presence
of helical magnetic fields may not be significantly affected by the GMF.
The coordinate system of the magnetic field defined by Eq. 2.1 is adopted. We apply a
rotation R to the arrival directions in order to mimic a rotation of the magnetic field.
The rotations applied can be described as the product of three individual rotation ma-
trices with angles α, β, and γ:
R = Rz(α)Ry(β)Rx(γ), (3.9)
where Ri are the canonical rotation matrices around the corresponding axes.
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Table 1. Scenarios derived from the original simulations by applying rotations defined by combina-
tions of the angles defined in Eq. 3.9.
.
α [◦] β [◦] γ [◦]
scenario 0 0 0 0
scenario 1 -90 0 0
scenario 2 0 0 90
scenario 3 150 0 60
We consider four cases defined by combinations of the yaw, pitch, and roll angles, as
defined in Table 1. These scenarios are introduced in order to move the patterns shown in
Fig. 2 with respect to the galactic coordinate system. The values of α, β, and γ are chosen
to encompass the most extreme cases.
4 Constraining Helical Magnetic Fields
4.1 The Sign of Magnetic Helicity
In Sec. 3 we have argued that the sign of the helicity can be constrained from the azimuthal
angle of the dipole (ϕd). In this section we attempt to constrain this quantity. To this end,
we use the sign of ϕd.
For a magnetic field (B) conveniently defined in the xy-plane blue, the dipole moment
points to (θd, ϕd), defined in Eq. 3.6. In this frame, the effects of helicity would be visible
about the meridian ϕ = 0 of the skymap. The zenithal angle of the dipole should, in principle,
be θd ' 0. If we rotate the magnetic field vector using an arbitrary global rotation matrix
R, the new magnetic field can be written as B′ = RB, such that the new direction of the
dipole would be (θ′d, ϕ
′
d). By applying the same rotation operator to all position vectors of
the skymap, we carry out a passive transformation of the arrival directions and obtain a
new skymap which merely represents a change of basis. Therefore, we can use our choice of
the coordinate system without loss of generality, while being able to easily transform it, for
example, to compare the results with data.
In Fig. 6 the dependence of the dipole azimuthal angle is presented for various combi-
nations of magnetic field strength and coherence length. Note that in Fig. 6 the region in
the parameter space that produces the largest effects on the dipole direction is, to first order,
B = Bλ ∼ 10−13.5 GMpc for 1020 eV protons and iron nuclei, and B ∼ 10−10 GMpc for iron
with E = 3× 1019 eV.
The identification of the sign of helicity depends on the strength of the dipole and on a
reliable estimate of ϕd whose uncertainty (∆ϕd) can be relatively high at E & 1019 eV due
to the low flux. Moreover, for typical UHECR observatories the angular resolution is ∼ 1◦.
Therefore, one expects ∆ϕd ' 1 − 10◦, which limits our ability to constrain the sign of the
helicity for B . Z10−16 GMpc and B & Z10−12 GMpc for E ' 1020 eV.
We have also studied the effect of the galactic magnetic field on ϕd, assuming the sce-
narios from Table 1. The results are qualitatively similar to those shown in Fig. 6, and
approximately hold regardless of the orientation of the helical extragalactic magnetic field
with respect to the GMF. Thus we conclude that the GMF does not compromise the mea-
surement of the sign of the helicity.
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Figure 6. Azimuthal angle of the dipole (ϕd) for different combinations of magnetic field strength
(B) and coherence length (λ). Maximally negative helicities are shown in the left column, positive
helicities on the right, and the case of null helicity s omitted because ϕd ' 0. The upper and central
rows correspond to the case of proton and iron primaries, respectively, with E = 1020 eV, whereas
the lower row corresponds to iron primaries with E = 3× 1019 eV.
4.2 The Absolute Value of Magnetic Helicity
To constrain the absolute value of the helicity of a magnetic field configuration, we consider
two quantities: the dipole (wd) and quadrupole (wq) amplitudes. We compute the relative
differences between the amplitudes for the cases σ = ±1 and the case σ = 0. We find that
the constraining power of the quadrupole moment alone is higher in a region of the B − λ
parameter space different from the region probed by the dipole amplitude. In particular,
the relative difference between wq(σ = ±1) and wq(σ = 0) is enhanced for B & 10−14 G
and λ . 10 Mpc, whereas wd(σ = ±1) and wd(σ = 0) do not differ significantly in this
region. Therefore, to expand the parameter space that can be constrained, we introduce a
– 14 –
10−1 100 101 102 103
λ [Mpc]
10−15
10−14
10−13
10−12
10−11
10−10
10−9
10−8
B
[G
]
protons; E = 1× 1020 eV; σ = −1.0
−1.00
−0.75
−0.50
−0.25
0.00
0.25
0.50
0.75
1.00
r −
−
r 0
r −
+
r 0
10−1 100 101 102 103
λ [Mpc]
10−14
10−13
10−12
10−11
10−10
10−9
10−8
B
[G
]
iron; E = 1× 1020 eV; σ = −1.0
−1.00
−0.75
−0.50
−0.25
0.00
0.25
0.50
0.75
1.00
r −
−
r 0
r −
+
r 0
10−1 100 101 102 103
λ [Mpc]
10−15
10−14
10−13
10−12
10−11
10−10
10−9
10−8
B
[G
]
protons; E = 1× 1020 eV; σ = +1.0
−1.00
−0.75
−0.50
−0.25
0.00
0.25
0.50
0.75
1.00
r +
−
r 0
r +
+
r 0
10−1 100 101 102 103
λ [Mpc]
10−14
10−13
10−12
10−11
10−10
10−9
10−8
B
[G
]
iron; E = 1× 1020 eV; σ = +1.0
−1.00
−0.75
−0.50
−0.25
0.00
0.25
0.50
0.75
1.00
r +
−
r 0
r +
+
r 0
Figure 7. Dipole-to-quadrupole ratios (r) for different combinations of magnetic field strength (B)
and coherence length (λ). The difference between corresponding scenarios for maximally positive
helicities are shown on the upper panels, and on the lower panels for maximally negative helicities.
The upper row is for the case of proton primaries, whereas the lower row corresponds to iron primaries,
for 1020 eV primary cosmic rays.
new quantity, the dipole-to-quadrupole ratio (r), given by:
r =
wd
wq
. (4.1)
In Fig. 7 we present the relative difference of the dipole-to-quadrupole ratio between
σ = ±1 and σ = 0, for several combinations of B and λ.
The interpretation of Fig. 7 follows immediately from the discussion about the diffusive
regime presented in Section 3.2. We can distinguish two regimes for E > Ec. In the non-
resonant diffusion case (λ Dmin), we see that the observable chosen (∆r− ≡ (r−−r0)/(r−+
r0)) enhances the contrast between maximally negative and null helicities. There is a region
where ∆r− > 0, approaching 1 for high values of λ and low B. Note that λ is constrained by
the Hubble horizon, i.e., λ . 4000 Mpc, thus implying B . 10−12 G in the quasi-rectilinear
regime. Because the nearest sources are located at Dmin ∼ 20 Mpc, as described in Section 3,
for protons with E & 1019 eV we expect a transition from non-resonant to resonant diffusion
around B ∼ 10 MpcnG for λ ∼ Dmin, whereinDmin is the distance to the closest (or brightest)
sources. Similar arguments apply to the iron case (right column).
It is tempting to attempt to derive a relation for σ as function of r, i.e., σ(r). However,
this relation is highly dependent upon the model of choice and very sensitive to the distribution
of sources.
For any non-maximal helicities, i.e., if |σ| < 1, we expect both the dipole and the
quadrupole to be fainter with respect to the cases of |σ| = 1. Because the assumptions made
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Figure 8. Dipole-to-quadrupole ratios (r) for different combinations of magnetic field strength (B)
and coherence length (λ), considering the effect of the galactic magnetic field. The upper left panel
corresponds to scenario 0, the upper right to scenario 1, and the lower left and lower right panels
to scenarios 2 and 3, respectively, as defined in Table 1. These results are for maximally negative
helicities, assuming proton primaries with 1020 eV.
in this first study are very simple, it is not instructive to study the scenarios with |σ| < 1.
Note that the estimation of |σ| depends on r, not on wd and wq alone. Therefore, it is
not unreasonable to expect r to provide satisfactory measurements of the absolute value of
the helicity even for small |σ|.
We have investigated the impact of the galactic magnetic field on dipole-to-quadrupole
ratio. For that, we considered the scenarios shown in Table 1. We compute the values of
r(B, λ), as in Fig. 7. The results are shown in Fig. 8. One can see that this observable
is sensitive to the effects of the GMF, which severely restricts the region of the parameter
space that can be probed with this method. In some of the scenarios |∆r±| is small, thus
compromising the measurement of the absolute value of the helicity.
5 Discussion
In this work we have assumed simple models with homogeneous helical IGMFs. In reality,
the distribution of magnetic fields is closer to turbulent than to uniform. However, in the
limit of large coherence lengths, the local magnetic field effectively behaves as uniform for
sources that are distant approximately less than one coherence length, i.e., Rs . λ. Thus
it is reasonable to consider the case of a uniform magnetic field for a first study, since large
coherence lengths, in particular, arise in models with non-zero helicity via inverse cascade,
which enhances the transfer of power from small to large scales. It is worth stressing that the
coherence scale of IGMFs is poorly constrained, lying between 10−12 Mpc and 103 Mpc [64].
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Our analysis was motivated by helical IGMFs. However, the exact same arguments
can be applied to study helical magnetic fields in structures such as filaments and clusters,
provided that the distribution of sources does not mask the signal. We have considered a
distribution of sources extending up to a distance, Dmax, which relates to the minimal energy
of interest in the analysis. To probe IGMFs up to very large distances one could, for instance,
decrease the minimal energy considered in the analysis. However, for E ' 1018.7 eV there
could be a contamination of the signal by a possible galactic component [71], so that the
search of signatures of helical IGMFs should be done above this threshold.
In Ref. [58] the authors suggest that some specific source distributions could be used to
constrain helicity. In our work, we consider a more general case, showing that even if the
sources are distributed isotropically, the cosmic-ray arrival directions can be anisotropic. In
the context of our analysis, this follows from the minimum energy threshold we have imposed
for the arriving particles. Note, however, that our treatment is not generic and knowledge
about the source positions is required. Thus, some sources located at similar distances would
need to be identified before the helicity of IGMFs could be constrained.
If at least one single source of UHECRs were known, this could be enough to constrain
the helicity of the intervening magnetic field, depending on the angle between the line of sight
and the magnetic field. In this case, energy-ordered multiplets could be detected [72, 73].
Nevertheless, past analyses by Auger have not found any indications of multiplets in their
data [74].
At the highest energies (E ∼ 1020 eV), the typical energy loss length for cosmic-ray
protons is ∼ 100 Mpc, and ∼ 300 Mpc for iron, being of the order of ∼ 1−100 Mpc for helium
and intermediate-mass nuclei such as nitrogen, carbon, and oxygen [75]. Therefore, at these
energies UHECRs originate in our local Universe, being the distance of the closest sources
possibly comparable to typical coherence lengths, within a factor of a few. This means that
even our simple scenarios with uniform magnetic fields may be used to adequately constrain
the helicity of intervening magnetic fields. Note that such composition is favoured by Auger
measurements [76].
The ideas outlined here could, in principle, be compared with experimental data, as
long as one bears in mind the simplified nature of our assumptions. For instance, magnetic
fields are not homogeneous. Instead, in order to recreate a more realistic situation, one has
to choose a magnetogenesis scenario and carry out numerical or (semi-)analytical simulations
of the time evolution of the IGMFs from their creation to the present day [4, 49, 50, 77–83],
resulting in complex stochastic field configurations. Furthermore, in order to constrain the
helicity of intervening magnetic fields, besides improving the modelling of the magnetic field
distribution, one would also need to take into account the non-uniform sky coverage of the
observatory whose data is being analysed, which we have ignored. While this is relatively
simple for dipolar patterns [84], the analysis for quadrupoles is more intricate [66, 85, 86].
The Pierre Auger Collaboration has recently reported [87] the existence of a dipole in the
arrival directions of UHECRs with energies E > 8× 1018 eV. To which extent this result can
be attributed solely to the distribution of UHECR sources or if magnetic fields dominate the
anisotropy signal, is a matter of debate. While our model is too simple to be boldly compared
with observations, we have shown that an enhancement in the dipole moment is possible for
many configurations of helical magnetic fields, with respect to non-helical scenarios, as shown
in Fig. 4.
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6 Conclusion and Outlook
In this paper we have shown, as a proof of principle, that it may be possible to constrain
the helicity of magnetic fields using UHECRs. We have outlined a methodology to look for
the imprints of helical fields in the arrival directions of UHECRs. By performing a harmonic
analysis of simulated data sets, we have demonstrated that the direction to which the dipole
points correlates with the sign of the helicity. We have also suggested that the ratio between
the dipole and quadrupole amplitudes may be used to constrain the absolute value of the
helicity.
The galactic magnetic field does not compromise the measurement of the sign of the
helicity. However, it may compromise the value of the absolute value of the helicity, depending
on the orientation of the helical magnetic field with respect to the galactic plane.
In our analysis we have discussed in detail the case of IGMFs, but similar ideas can be
applied to measure the helicity of magnetic fields in clusters or filaments, for example. Nev-
ertheless, the conclusions that could be drawn would strongly depend upon the distribution
of sources, which is unknown.
We have demonstrated the impact of magnetic helicity on UHECR propagation, and
how this may affect UHECR arrival distributions. Given the elongation in the trajectory
described by a cosmic ray in the presence of a helical magnetic field, it is not unreasonable
to expect this to have an impact on observables other than the arrival directions, namely the
spectrum and inferred composition. We will defer this investigation to future works.
If UHECR sources are ever found, the observation of energy-ordered multiplets could
also be used to constrain the helicity of intervening magnetic fields, provided that enough
events are detected.
With this study we have laid the foundations for constraining magnetic helicity with
UHECRs. In the future we intend to extend our analysis to more realistic cases of helical
turbulent magnetic fields and source distributions. Then, by comparison with data collected
by the two largest UHECR observatories, the Pierre Auger Observatory and the Telescope
Array, it might be possible to constrain not only the sign, but also the absolute value of the
magnetic helicity.
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A On the reliability of the predictions
We dedicate this appendix to address the seemingly counter-intuitive issue of how an isotropic
distribution may lead to the anisotropies discussed in the previous sections. As described in
Section 3, the setup of the simulations is such that the sources lie on the surface of con-
centric spheres, aiming to mimic a homogeneous source distribution. Here we demonstrate
that the anisotropy stems from the magnetic field configuration rather than from the source
distribution. To this end, we choose a scenario with 1020 eV protons, B = 10−9 G, and
Lc = 10 Mpc. The arguments outlined in this section hold for all cases studied and this
choice is for illustration purposes only.
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Figure 9. The dipole (left) and quadrupole (middle) are shown as a function of the number of
sources contributing to the signal. The bands indicate the confidence intervals from one to four
standard deviations, from darker to lighter shades of grey, respectively. The distribution of azimuthal
angles (ϕd) of the dipole is shown for 100 realisations (right panel). Orange lines correspond to the
σ = +1 case, green lines to σ = 0, and purple lines to σ = −1.
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Figure 10. The dipole (left) and quadrupole (middle) are shown as a function of the number of
sources contributing to the signal. The bands indicate the confidence intervals from one to four
standard deviations, from darker to lighter shades of grey, respectively. The distribution of azimuthal
angles (ϕd) of the dipole is shown for 100 realisations (right panel). Orange lines correspond to the
σ = +1 case, green lines to σ = 0, and purple lines to σ = −1. The upper panels are for a sphere
located at zsphere ≈ 0.003, and the lower panels correspond to zsphere = 0.263.
We first compare the total source distribution, comprised of all spheres, with the case
of B = 0, which by construction is an isotropic distribution. In Fig. 9 (left), we analyse the
behaviour of the dipole (wd) and quadrupole amplitudes (wq) as a function of the number of
events. We also present the distribution of the azimuthal angles in the simulation frame (ϕd),
which is intrinsically connected to the sign of the magnetic helicity, for 100 realisations; this
is shown in Fig. 9 (right).
From Fig. 9 one notices that this particular scenario can be distinguished from isotropy
if more than & 104− 105 sources are contributing to the signal; for equally luminous sources,
this number is approximately the number of events required. Furthermore, the distribution of
the dipole azimuthal angles (ϕd) suggests that this observable allows us to clearly distinguish
the σ = ±1 from the σ = 0 and isotropic case.
Fig. 10 is similar to Fig. 9, but it corresponds to single spheres located at Dsphere ≈
– 19 –
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Figure 11. Skymaps containing the arrival directions of UHECRs for σ = +1 (left), σ = 0 (centre),
σ = −1 (right). These skymaps are for the case of 1020 eV protons, assuming B = 10−9 G and
λ = 10 Mpc. The upper row corresponds to the arrival directions of UHECRs coming from a sphere
at zsphere = 0.0032, whereas the lower row is for zsphere = 0.263. The colour bar shows the normalised
number of events per pixel.
14.24 Mpc (zsphere ≈ 0.0032) (upper row) and Dsphere ≈ 1096 Mpc (zsphere ≈ 0.263) (lower
row). Once again, the estimation of the absolute value of the helicity could be done if at least
∼ 104 sources contribute to the signal, or ∼ 103 events in the case of a uniform luminosity
distribution. For other scenarios the required number of events for the analysis is also ∼ 104,
although for larger coherence lengths this may decrease to ∼ 103. Hence, by using 105
sources for each sphere in our simulations, we have ensured that the observed anisotropy
signal is indeed a consequence of the (helical) magnetic field configuration and not the result
of insufficient statistics.
An analysis of Fig. 10 suggests that the outer spheres contribute more to the anisotropy
signal than nearby ones. As discussed in Section 3, our results depend on a delicate interplay
of energy losses, coherence lengths, and source distances. Therefore, for sources that are
farther away, interaction horizons will incur energy losses that would ultimately suppress the
more elongated trajectories and hence cause the anisotropic signal. As a consequence, even
for an isotropic distribution of sources one might expect an anisotropic UHECR distribution
depending on the magnetic field configuration. This is confirmed by comparing the skymaps
shown in Fig. 11.
Interestingly, the strength of the anisotropy signal would depend on the redshift evolution
of the sources. If sources have positive evolution with redshift, i.e. (1 + z)m with m > 0, like
gamma-ray bursts, AGNs, or star formation rate, then the detectability of helical magnetic
fields would be favoured. On the other hand, if the source evolution is negative (m < 0),
as suggested by phenomenological fits of UHECR data [88, 89], then it would be harder to
constrain the helicity of IGMFs, as nearby sources would dominate over distant ones.
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